In this paper, we construct a bivariate tensor product generalization of Kantorovich-type Bernstein-Stancu-Schurer operators based on the concept of (p, q)-integers. We obtain moments and central moments of these operators, give the rate of convergence by using the complete modulus of continuity for the bivariate case and estimate a convergence theorem for the Lipschitz continuous functions. We also give some graphs and numerical examples to illustrate the convergence properties of these operators to certain functions.
Introduction
In recent years, (p, q)-integers have been introduced to linear positive operators to construct new approximation processes. A sequence of (p, q)-analogue of Bernstein operators was first introduced by Mursaleen and Kantorovich-type Bernstein-Stancu-Schurer operators [] were also considered. For further developments, one can also refer to [-] . These operators are double parameters corresponding to p and q versus single parameter q-type operators [-] . The aim of these generalizations is to provide appropriate and powerful tools to application areas such as numerical analysis, CAGD and solutions of differential equations (see, e.g., [] for f ∈ C(I), I = [,  + l], l ∈ N,  ≤ α ≤ β,  < q < p ≤  and n ∈ N. They got some approximation properties, since convergence properties of bivariate operators are important in approximation theory, and it seems there has been no papers mentioning the bivariate forms of above operators (). Hence, we will propose the bivariate case in the following. Before doing this, in [] (Lemma .), they got K α,β,l n,p,q (; x) = , that is, the operators reproduce constant functions. However, this conclusion is incorrect. In fact, n+l k= b n+l,k (p, q; x) = . Hence, we re-introduce the revised operators as
where 
We propose the bivariate tensor product (p, q)-analogue of Kantorovich-type Bernstein-Stancu-Schurer operators as follows:
where
The paper is organized as follows. The following section contains some basic definitions regarding (p, q)-integers and (p, q)-calculus. In Section , we estimate the moments and central moments of the revised operators () and then deduce the corresponding results of a bivariate case. In Section , we give the rate of convergence by using the modulus of continuity and estimate a convergent theorem for the Lipschitz continuous functions. In Section , we give some graphs and numerical examples to illustrate the convergence properties of operators () to certain functions.
Some notations
We mention some definitions based on (p, q)-integers, details can be found in [-]. For any fixed real number  < q < p ≤  and each nonnegative integer k, we denote (p, q)-integers by [k] p,q , where
Also (p, q)-factorial and (p, q)-binomial coefficients are defined as follows:
The (p, q)-Binomial expansion is defined by
When p = , all the definitions of (p, q)-calculus above are reduced to q-calculus.
Auxiliary results
In order to obtain the convergence properties, we need the following lemmas.
Lemma . For the (p, q)-analogue of Kantorovich-type Bernstein-Stancu-Schurer operators (), we have
Thus, () is proved. Finally, from (), we get
, by some computations, we get
So, we can obtain
Thus, () is proved.
Lemma . Using Lemma . and easy computations, we have 
Lemma . Using Lemmas . and ., the following equalities hold:
The following statements are true:
Lemmas . and ., the following statements are true.
Convergence properties
In order to ensure the convergence of operators defined in (), in the sequel, let {p n  }, {q n  }, {p n  }, {q n  },  < q n  , q n  < p n  , p n  ≤  be sequences satisfying Lemma .(A), (B) or (C).
Proof Using (), Remark . and a bivariate-type Korovkin theorem (see [] ), we obtain Theorem . easily.
For f ∈ C(I  ), the complete modulus of continuity for the bivariate case is defined as
satisfies the following properties:
The partial modulus of continuity with respect to x and y is defined as
Details of the modulus of continuity for the bivariate case can be found in [] . We also use the notation
Now, we give the estimate of the rate of convergence of operators defined in (). Table 1 The errors of the approximation of K Table 2 The errors of the approximation of K n 1 ,n 2 ,α,β,l p n 1 ,q n 1 ,p n 2 ,q n 2 (f ; x, y) for n 1 = n 2 = 10, 
